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Abstract

Recently, Beckmann and Smith (2005) compared a three-way extension of Independent Com-
ponent Analysis (ICA) and the Parafac model, as applied to artificial multi-subject fMRI data
(voxels x scans x subjects). They concluded that the ICA approach yields more accurate es-
timates of the underlying signal sources and results in less interference between the different
sources compared to the Parafac estimates. Moreover, the ICA approach is more robust against
overfitting and its computational load is much less than Parafac. In this paper, we offer detailed
explanations of the differences between Parafac and the ICA approach and show that the dis-
tinction between second-order statistics versus higher-order statistics does not apply to Parafac
versus ICA. Using the data of Beckmann and Smith (2005), we show that Parafac performs as
well as the ICA approach if the correct number of signal sources is chosen, which is possible by
considering Parafac fit values. Moreover, if the fMRI spatial activity maps are well-overlapping,
then the ICA approach does not find the correct maps while Parafac does. Additionally, we

present and demonstrate a method to decrease the computational load of Parafac.
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1 Introduction

Recently, Beckmann and Smith (2005) presented a three-way extension of the Probabilistic In-
dependent Component Analysis (PICA) model for fMRI data, and named it the Tensor PICA
model. Beckmann and Smith (2005) applied the Tensor PICA model to artificial multi-subject
fMRI data (voxels x scans x subjects) and compared its performance to the Parafac model for
three-way component analysis. They concluded that Tensor PICA yields more accurate estimates
of the underlying signal sources (i.e. voxel activation maps) and results in less interference between
the different sources compared to the Parafac estimates. Moreover, Tensor PICA is more robust
against overfitting and its computational load is much less than Parafac.

The explanations given by Beckmann and Smith (2005) for the differences in performance
between Tensor PICA and Parafac are as follows. They argue that the higher accuracy, less
interference and higher robustness of Tensor PICA with respect to Parafac are due to “the stronger
statistical constraints on the spatial domain” (Beckmann & Smith, 2005, p. 309), combined with
the sparsity in the spatial domain of typical fMRI activation.

In this paper, we provide detailed theoretical and data analytic explanations for these differences
in performance. Also, we assess the differences in performance of Parafac and Tensor PICA for the
artificial multi-subject fMRI data of Beckmann and Smith (2005), where the signal-to-noise ratio
(SNR) and the level of sparsity of the signal in the spatial domain are varied.

The paper has a theoretical and a data analytic part. In the theoretical part, we show that a
comparison between the Parafac model and the Tensor PICA model is different from a compari-
son between Principal Components Analysis (PCA) and Independent Component Analysis (ICA)
for two-way data. The distinction between PCA and ICA is usually characterized by the use of
second-order statistics (uncorrelated components in PCA) versus higher-order statistics (statisti-
cally independent components in ICA). However, this distinction does not apply to a comparison
of Parafac and Tensor PICA.

In the data analytic part, we consider the artificial multi-subject data and show that Parafac
recovers the signals as well as Tensor PICA if the correct number of signal sources is chosen. This
number can be inferred from Parafac fit values for increasing numbers of signal sources. This
conclusion holds for different values of the signal-to-noise ratio (SNR) and different degrees of
sparsity of the signals in the spatial domain.

Also, we show that if the artificial spatial fMRI activity maps are well-overlapping, then Tensor
PICA does not find the correct maps while Parafac does. This is because Tensor PICA forces the
ICA assumption of statistically independent maps on the overlapping fMRI activity maps.

The main advantages of the Tensor PICA method over Parafac are that the run-to-run vari-
ability of solutions is much less and interference between signal components does not occur. The
latter is common in Parafac solutions if the number of components is larger than the number of
signal sources present in the data, i.e. in cases of overfitting. We will explain that the robustness
properties of Tensor PICA are due to the robustness of the ICA algorithm used to find the spatial

fMRI activation maps. The high run-to-run variability of Parafac solutions is due to the low SNR



of the fMRI dataset.

Regarding the comparison of computational load between the Parafac and Tensor PICA algo-
rithms, we show that the computational load of Parafac can be decreased considerably by com-
pressing the data and imposing a restriction of the spatial components.

This paper is organized as follows. In Section 2 we discuss the component models relevant for
our purposes. We first discuss PCA and ICA (and their probabilistic versions) in some detail. Next,
we present the Parafac and Tensor PICA models and show how their comparison is different from
PCA versus ICA. In Section 3, we compare Parafac and Tensor PICA using the artificial multi-
subject fMRI data of Beckmann and Smith (2005) for various SNR levels and various sparsity levels
in the spatial domain. Also, we consider several other variations of these datasets. In Section 4,
we show how the computational load of Parafac may be reduced and use this faster algorithm on

the artificial fMRI data. In Section 5, we present a discussion of our results.

2 Model descriptions

2.1 Principal Component Analysis

Principal Component Analysis (PCA) is an exploratory data analysis tool for extracting uncor-
related components and their loadings from an n x m data matrix X containing for instance the

scores of n subjects on m variables. The matrix PCA model is

R
X=AB"+E=) a,ob,+E, (2.1)
r=1
where the columns a, of A (n x R) are the latent components, the columns b, of B (m x R)
contain the loadings of the m variables on the R components, o denotes the outer product, and
E is a residual term, see Pearson (1901). It is usually assumed that m < n, the columns of X
(variables) have mean zero and unit variance, the columns of A (components) have mean zero and
unit variance and are uncorrelated, i.e. n"'ATA = Ir. A PCA solution is found by minimizing
the sum-of-squares of E, i.e. the square of the Frobenius norm ||E||.

Eckart and Young (1936) show that a PCA solution (A, B) can be obtained from the Singular
Value Decomposition (SVD) of X. Indeed, let the SVD of X be given by X = US V7’ where
U (n x m) has orthogonal columns, S is the diagonal matrix containing the singular values in
decreasing order, and V (m x m) is orthogonal. Then a PCA solution satisfying the assumptions
above, is

A =n'?Upg, BT =n7 128, VE, (2.2)

where Ui and Vi contain the first R columns of U and V, respectively, and Sg is the diagonal
matrix containing the first R singular values of X. Hence, Ur Sk Vg is a truncated SVD of X
using only the first (and largest) R singular values and vectors. Eckart and Young (1936) show that
this PCA solution A B” is a best rank-R approximation to X. Note that for this PCA solution the

first component explains the most variance in the data, the second component explains the most



variance in the data after the first component has been subtracted, etcetera. This is due to the
ordering of the singular values and the orthogonality of the left- and right singular vectors.

The PCA solution above is unique (up to sign changes) in this ordering if the first R singular
values are distinct. However, for any R x R orthogonal matrix Q, the solution (AQ, BQ) has the
same residuals E, since AB” = (AQ) (BQ)”. Hence, only the space of the PCA components A
is uniquely determined (ignoring the ordering). Within this space, any set of basis vectors can
be taken as components. In psychological applications of PCA, the ordering of the components is
usually not meaningful and a rotation Q is calculated which yields interpretable components, see
Browne (2001).

Probabilistic PCA

Tipping and Bishop (1999) present a Probabilistic PCA (PPCA) model in which the PCA model
(2.1) is given a stochastic interpretation. The data matrix X is interpreted as consisting of n
samples or observations of m random variables. We denote the m x 1 vector of these m random
variables as x. Analogously, the component matrix A is interpreted as consisting of n samples of
R random variables, which are also called source signals or sources. We denote the R x 1 vector of

these R source random variables as a. The PPCA model is
x=Ba+e, (2.3)

where the m x R matrix B is called the mizing matriz and e denotes the m x 1 vector of noise
random variables. The random vector a is assumed to have a Gaussian distribution with mean zero
and variance Iy, i.e. a ~ N(0,Ig). Also, it is assumed that e ~ A(0,02I,,), the source variables
a and the errors e are statistically independent and rank(B) = R. Note that due to Gaussianity,
the sources a are not only uncorrelated but also statistically independent. The goal is to estimate
B and n realisations of the random vector a, which are the rows of A (n x R).

Tipping and Bishop (1999) show that the Maximum Likelihood estimators of A, B and o? are
given by

Ay, = UpSr(n718% — 0 Ip)"1/2Q, (2.4)
By = Ve (n718% — 02 1)Y/2Q, (2.5)
= 3 &, (26)
(m—R)n 17
j=R+1

where Q is any R X R orthogonal rotation matrix, Ugr Sg V is the truncated SVD of X, and s?j
is the j-th diagonal element of S2. It can be seen that the difference between the PPCA estimates
(2.4) and (2.5) and the PCA solution (2.2) is that the noise variance is taken into account in the
PPCA estimates. Recall that also the PCA solution (2.2) can be rotated by Q without loss of fit.



The PPCA model (2.3) and the assumptions above imply that
Cov(x) = E(xx”) = BFE(aa’) BT + E(ee”) = BB? 461, . (2.7)
Replacing E(xxT) by its estimator n~'X”X and using the SVD of X it follows from (2.7) that
BB? =V (n7's? -¢%1,,) VT . (2.8)

Since BBT is non-negative definite, rank(BB”) = rank(B) = R and (2.8) is an eigendecomposition
of BB, it follows that the last (and smallest) m — R diagonal elements of (n~'S? — 021,,) are
zero. By considering the eigenvalues of n X7 X, this fact can be used to obtain a rough estimate

of the number R of source signals present.

2.2 Independent Component Analysis

In the Independent Component Analysis (ICA) framework, the PCA model (2.1) is given a stochas-
tic interpretation and the assumption of uncorrelated components a is strengthened to statistically

independent components, i.e.
P(ay <71,...,ar <71gR) = P(ay <71)---Plag < 7R), (2.9)

where a; denotes the j-th source random variable and 7; are real numbers. This approach is the
same as PPCA discussed above. However, in the ICA framework, the source signals are assumed
to have a non-Gaussian distribution. As we will see below, this assumption fixes the rotational
ambiguity of PCA and PPCA in the presence of Gaussian noise. For an introduction to ICA we
refer to De Lathauwer, De Moor, and Vandewalle (2000) and the references therein. For a rigorous
mathematical treatment of ICA, see Comon (1994a). The principles of ICA will be made clear in
a discussion of the Probabilistic ICA model.

Probabilistic ICA

Next, we discuss the Probabilistic ICA (PICA) model of Penny, Roberts, and Everson (2001), which
is adapted by Beckmann and Smith (2004). The PICA model is analogous to the PPCA model (2.3)
discussed above. The only difference is that the source signals a have a non-Gaussian distribution.
Note that they are still assumed statistically independent with mean zero and unit variance. Since
the form of the distribution of a is usually not known exactly, the Maximum Likelihood estimates
of A, B and o2 cannot be calculated exactly. However, the estimates (2.4)-(2.6) can still be used.
Indeed, for the PICA model, equations (2.7) and (2.8) still hold. As argued above, we may replace
(2.8) by

BB’ = Vi (n7!8% — 0?1g) VE, (2.10)

and it follows that the SVD of B is given by (2.5). For a fixed mixing matrix B, we obtain the
sources in A as the parameters of the regression problem X7 = B AT + ET. Combining the
standard estimate AT = (BTB)"!BTXT”, the SVD of X and the expression for B in (2.5), yields



the estimate of A in (2.4). As for 02, under the PICA model it still holds that the last (and
smallest) m — R diagonal elements of (n~1S? — 02 1,,) are zero. Hence, a logical estimate for o2 is
(2.6).

The PICA estimation procedure can be considered as a two-step algorithm. The first step has
been described above and yields approximately uncorrelated PPCA sources and fixes A and B up
to an orthogonal rotation. The second step then finds an optimal rotation Q such that the sources
are approximately statistically independent, using some measure of independence. The optimal
Q is usually found by considering the whitened data XT = (n*IS%2 — o2 IR)*I/ 2 Vg X7 which
satisfies

X" =QA” +ET, (2.11)

where ET = (n718% — 0213) /2 VL E”. Note that (2.11) follows from X7 = BAT + ET and
(2.5).

ICA algorithms

The two steps of the PICA estimation procedure are common to a large class of ICA algorithms.
Next, we describe two different ICA algorithms to obtain an optimal rotation Q of the components
(2.4). Let the whitened ICA model be given by X = Qa+ €, see (2.11), with non-Gaussian sources
a and Gaussian noise . Then a = Q7% — Q”é. The goal is to find Q such that a are approximately
statistically independent.

The ICA algorithm of Comon (1994a) considers the K-th order cumulants of the sources a,

which are given by

Cum(K)(ajl,---,ajK):Z(_l)k_l(k‘—l)!E Haj .- FE Haj , (2.12)

JEST JESK

where aj,,...,aj, are elements of the random vector a and the summation involves all possible
partitions {Si,...,Sk}, 1 < k < K, of the integers {ji,...,jx}. For K > 3, the cumulants
of the sources a are equal to the cumulants of Q7 %. This is due to the multilinearity of the
cumulant function and the fact that for X > 3 the cumulants of Gaussian random variables are
zero, see De Lathauwer et al. (2000). To obtain statistically independent sources, the following
property of cumulants is used. If the mean-zero sources a are statistically independent, then
Cum®)(aj,,...,aj,) # 0 only if j; = jo = ... = jg, K > 1. The algorithm of Comon (1994a)
makes the K-way array of (the sample estimates of ) the K-th order cumulants of Q” X as diagonal as
possible by choosing the rotation Q. An algorithm for K = 4 can be obtained from Comon (1994b).
A more efficient algorithm for K = 4 is called JADE and is due to Cardoso and Souloumiac (1993).
For other algorithms using cumulants see De Lathauwer et al. (2000) and the references therein.
Comon (1994a) shows that approximate diagonalisation of the (estimate of the) cumulant K-way
array of a is a natural ICA algorithm in view of results from information theory. In this paper we

will denote the K-th order cumulant algorithm of Comon (1994a) as Comon-K.



A different ICA algorithm is due to Hyvérinen (1999) which uses as a measure of non-Gaussianity
[E(G(a)) = E(G(2))* , (2.13)

where a is one source variable of a, z is a standard Gaussian variable and G is some non-quadratic
function. The (sample estimate of the) objective function (2.13) is maximized over Q using ap-
proximative Newton iterations and this procedure is used for each source variable separately. This
algorithm is called the FastICA algorithm (Hyvérinen & Oja, 2000; Hyvérinen, 2005). For remarks
on the influence of the choice of G on the performance of the FastICA algorithm, see Hyvérinen
(1999). In Hyvérinen and Oja (2000) it is shown that the ICA objective function (2.13) is natural

from an information theoretical point of view.

General remarks on ICA

The criterion used to find the statistically independent sources a is often referred to as mazimizing
non-Gaussianity. Under Gaussian noise and non-Gaussian sources, the orthogonal linear combi-
nations of the sources are to be found which differ from Gaussian random variables as much as
possible. The underlying reason is that it follows from the Central Limit Theorem that any non-
trivial linear combination of non-Gaussian variables becomes “more Gaussian”. An ICA algorithm
incorporating this approach maximizes some measure of non-Gaussianity over the orthogonal lin-
ear combinations Q of the sources. In Section 3, we describe two different ICA algorithms used
in this paper. Under the assumption of Gaussian noise and non-Gaussian sources, and all other
assumptions above, the ICA solution (A, B) is unique up to sign changes and a permutation of the
source signals (i.e. a permutation of the columns of A and B simultaneously), see De Lathauwer
et al. (2000).

The first step of the ICA estimation procedure, yielding approximately uncorrelated yet rota-
tionally ambiguous sources, is called the second-order step since it finds approximately uncorrelated
sources by using second-order statistics. The second step of the PICA algorithm then uses higher-
order statistics to obtain an optimal rotation Q and approximately statistically independent sources.
ICA is sometimes presented as a “higher-order fine tuning of PCA” since it considers higher-order
statistics of the sources instead of only the order-2 restriction of uncorrelatedness in PCA and it
fixes the non-unique PCA components by finding an optimal rotation.

It should be noted that ICA solutions may depend on the particular objective function that is
used to quantify the notion of “maximally non-Gaussian sources”.

Apart from the ICA framework decribed above, there are also other ICA approaches. For
example, stationary sources which are individually correlated in time can be separated by a joint
diagonalization of a set of covariance matrices (Belouchrani, Abed-Meraim, Cardoso, & Moulines,
1997). In this case only second-order statistics are used. ICA algorithms for non-stationary sources

are presented in Pham and Cardoso (2001).



The PICA model for single-subject fMRI data

Beckmann and Smith (2004) apply the PICA model to single-subject fMRI data. The n x m data
matrix X consists of m fMRI brain scans of the same subject, where the fMRI signal is measured
in n voxels (volume elements of the brain). Hence, x is the vector of m scan variables having
n realisations (one for each voxel) which constitute the rows of X. The rows of A contain n
realisations of the R independent source processes and may be considered as R independent ICA
spatial maps of voxel activity. the mixing matrix B then contains the R associated time courses
as columns. For each voxel, the noise e is Gaussian distributed, which is a good approximation
of the theoretical Rician distribution of magnitudes in MRI images, see Gudbjartsson and Patz
(1995) and Wink and Roerdink (2006). Of course, this assumes that physiological artifacts due
to respiration, heart beat, subject movement, etc, have either been removed or are considered as
signals. For single-subject fMRI data, Thomas, Harshman, and Menon (2002) conclude that ICA
is a suitable technique for the recognition and removal of physiological artifacts. For details on
artifact recognition and removal using ICA, we refer to Thomas et al. (2002), the discussion in
McKeown, Hansen, and Sejnowski (2003) and the references therein. Apart from being Gaussian,
the noise e is also assumed to be statistically independent over the m scans and to have the same
variance o2 for each voxel, which is not likely to hold for fMRI data. Therefore, prior to calculating
the ICA estimates for the mixing matrix B and the spatial maps A, the fMRI data should be
temporally pre-whitened for each voxel. For details, we refer to Beckmann and Smith (2004) and
the references therein. Also, the average scan should be subtracted to make the data mean zero.

Note that the PICA model assumes statistically independent spatial maps of voxel activity as
ICA components, while the temporal patterns form the mixing matrix. Another ICA approach is
known in the literature in which the statistically independent ICA components are the temporal
patterns and the spatial patterns for the mixing matrix. For a discussion, see Calhoun, Adali,
Hansen, Larsen, and Pekar (2003) and the references therein. Spatially independent ICA for single-
subject fMRI data was first applied by McKeown, Makeig, Brown, Jung, Kindermann, Bell, and
Sejnowski (1998) and was found to outperform PCA in recovering voxel activation patterns. For
an overview of ICA for fMRI data we refer to Calhoun et al. (2003).

2.3 The Parafac model

Carroll and Chang (1970) and Harshman (1970) have independently proposed the same method for
component analysis of three-way data arrays, and named it Candecomp and Parafac, respectively.
Since the term “Parafac model” is more widely known than “Candecomp”, we use the former term.

We denote the Parafac model as

R
X=Y a,ob,oc, +E, (2.14)

r=1

where X is an n X m X p data array and the vectors a,, b, and ¢, form the columns of the component

matrices A (n x R), B (m x R) and C (p X R), respectively. The sum-of-squares of the residual



array E (i.e. |E[?) is minimized to find the R components a, o b, o c,. The can be done using an
Alternating Least Squares algorithm, in which each component matrix is sequentially optimized,
given the other two component matrices, see Carroll and Chang (1970).. For an overview and
comparison of several Parafac algorithms, see Tomasi and Bro (2006).

A matrix notation of the Parafac model (2.14) is as follows. Let Xy (n x m) and Ej (n x m)
denote the k-th slices of X and E, respectively. Then (2.14) can be written as

X, =AC,B" +E;, k=1,...p, (2.15)

where Cy (R x R) is the diagonal matrix with the k-th row of C as diagonal.

The Parafac model (2.14) can be seen as a three-way extension of the PCA model (2.1) for
matrices. For example, if A is interpreted as the components in the first mode, then B and C
are the loadings on these components for the second and third modes, respectively. However,
essentially the Parafac model is symmetric in its three modes. The real-valued Parafac model,
i.e. where X and the model parameters are real-valued, is used in a majority of applications in
psychometrics and chemometrics; see Kroonenberg (1983) and Smilde, Bro, and Geladi (2004).
Complex-valued applications of Parafac occur in e.g. signal processing and telecommunications
research; see Sidiropoulos (2004). In this paper, we only consider the real-valued Parafac model.

Usually, the three-way data X are centered and normalized before a Parafac algorithm is applied.
Although more options for centering and normalizing exist than in the matrix case (PCA for
example), only the following choices leave the Parafac model structure intact. Centering should be
done across only one mode at a time, e.g. ;i — T;ek, Where o implies that the average is taken
over all indices in this mode. Centering the data in this way yields a Parafac model with B having
mean zero columns. Normalizing should be done within one mode at a time, e.g. w;j/0;, where
o; denotes the standard deviation of all elements with first index equal to i. This yields a Parafac
model where the rows of A are normalized by ¢;. For more details on centering and normalization
we refer to Bro and Smilde (2003).

The most attractive feature of Parafac is its uniqueness property. Kruskal (1977) has shown
that, for fixed residuals E, the vectors a,, b, and ¢, are unique up to rescaling/counterscaling and

a reordering of the summands in (2.14) if
]{ZA—i—k‘B—{—k(;ZQR—FQ, (2.16)

where ka, kB, kc denote the k-ranks of the component matrices. The k-rank of a matrix is the
largest number x such that every subset of x columns of the matrix is linearly independent. Hence,
contrary to the matrix PCA model, the Parafac components are rotationally unique if (2.16) holds.
Note that by fixing the columns of two of the matrices A, B and C to length 1, a Parafac solution
is unique up to sign changes and a reordering of the components if (2.16) holds.

The rank of a three-way array Y is usually defined as the minimum number of rank-1 arrays
whose sum equals Y. A three-way array has rank-1 if it is the outer product of three vectors.
Hence, the components a, o b, o ¢, all have rank 1. In this sense, the Parafac model (2.14) tries to

find a best rank-R approximation to X. Moreover, the smallest R for which X has a full Parafac



decomposition equals the rank of X. Unfortunately, a best rank-R approximation does not exist
for all three-way arrays X, see De Silva and Lim (2006). For a variety of cases, Stegeman (2006abc)
shows that if no best rank- R approximation exists, then the sequence of Parafac updates will exhibit
diverging components.

The Parafac model and algorithms can be easily extended to multi-way arrays. For a multi-way

extension of Kruskal’s uniqueness condition (2.16) see Sidiropoulos and Bro (2000).

Data compression

When large datasets are fitted with Parafac, it is useful to compress the data before calculating
the Parafac solution. Below, we show how the data can be compressed if the size of one mode is at
least at large as the product of the other two sizes. Consider the matrix form (2.15) of the Parafac
model. Let X(™*™P) he the matrix with the slices X}, stacked next to each other. Analogously, let
E(Xmp) he the matrix with the slices E,. stacked next to each other. Then

Xmxmp) = A [C,BT|...|C, BT + E™™) = A (C o B)T + B ) (2.17)

where ® denotes the Khatri-Rao product, i.e. the column-wise Kronecker product. Assume that
n > mp. Let the QR-decomposition of X(™*™P) he given by Q,R., where Q, is n x mp with
orthonormal columns and R, is mp X mp upper triangular. If R, has an optimal Parafac solution
(K, B, C) with R components, then X (nxmp) — Q. R, has an optimal Parafac solution (ng, B,C)
with R components. This is because |[R, — A (C ® B)T||? equals || Q.Rs — QA (C ® B)T||2 due
to Q, being column-wise orthonormal. Hence, it suffices to calculate a Parafac solution for the
mp X mp matrix R, instead of the larger n X mp matrix Q;R;. Note that this only works if
n > mp. A more general form of the procedure above is described in detail in Kiers and Harshman
(1997).

Parafac for multi-subject fMRI data

Let the n x m x p data array X consist of m fMRI brain scans of p subjects, where the fMRI signal
is mapped into a reference brain containing n voxels. Andersen and Rayens (2004) have compared
the Parafac model on X to PCA on X(™*™P)  Parafac then yields R voxel activation maps as the
columns of A, the R associated time courses as the columns of B, and the activation strengths for
each subject in C. A PCA on X(™*™P) yields R voxel activation patterns in A and all combinations
of scanxsubject loadings in B. Andersen and Rayens (2004) found that Parafac is to be preferred
because of its uniqueness and the preservation of multilinear linkages and interactions. Moreover,
a PCA on matricized multi-way data yields an unnecessarily complex solution.

Note that for fMRI data, the number of voxels n is often larger than the product mp. Hence,
the compression method described above can be used in this case.

Concerning the uniqueness of Parafac, we would like to remark the following. This convenient
property should not be mistaken as evidence that the true underlying structure of the data has

been found. Indeed, consider the Parafac solution (A,B,C) for an array X filled with random
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numbers drawn independently from a continuous distribution. Then Kruskal’s condition (2.16) will
hold for R small enough. This implies a unique Parafac solution, while the data X has no trilinear

structure at all.

2.4 The Tensor PICA model for multi-subject fMRI data

The Tensor PICA model of Beckmann and Smith (2005) is a three-way extension of the PICA
model described above, for the case of multi-subject fMRI data. As above, the three-way data
array X (n x m x p) contains m fMRI scans of p subjects, where the scans have been mapped to a
reference brain with n voxels. It is assumed that X obeys the structure of the Parafac model. The
Tensor PICA model is the PICA model corresponding to the matricized Parafac model (2.17), i.e.

x=(CoB)a+e. (2.18)

Here, x is a vector of mp random variables having n realisations in the rows of X(™*™P) the vector
a of R statistically independent sources has n realisations in the rows of A, and the mixing matrix
(C @ B) has a particular structure. All assumptions of the PICA model above also apply to the
Tensor PICA model (2.18). Hence, e ~ N(0,0%L,,,), which implies that the noise variance o is
the same for each subject and each voxel and the scans of the different subjects are statistically
independent. As in the PICA model above, prior to estimating A, B and C, the fMRI data should
be temporally pre-whitened for each voxel and each subject separately. Also, the mean activation
maps (averaged over scans for each subject separately) should be subtracted to obtain zero mean
data.

Using trilinear models such as Parafac or Tensor PICA to analyse multi-subject fMRI data
implies that it is assumed that the underlying signal sources are proportional for the different
subjects. The physiological artifacts in multi-subject fMRI data are not likely to satisfy this
assumption. Therefore, these artifacts are better removed prior to a trilinear analysis of multi-
subject fMRI.

The estimation of the Tensor PICA model is a two-stage procedure. In the first step, the
structure of the mixing matrix in (2.18) is ignored and the PICA estimates of A and the compound
mixing matrix, which we denote by M, are obtained. In the second step, the matrices B and C are
estimated from M as follows. Each column r of M is mapped to an m x p matrix M) which should
have rank 1 according to the Tensor PICA model (2.18). From the SVD of M) the best rank-1
approximation of M(") is obtained as well as the estimates of the r-th columns of C and B (these
are the first left- and right singular vectors appropriately scaled). Moreover, the relative size of the
first singular value can be used as a goodness-of-fit measure of the rank-1 approximation of M().
When the solution (A, B, C) has been obtained, the value of (C ® B) can be used as initial value
for the mixing matrix in another run of the Tensor PICA estimation procedure. This yields an
iterative procedure which ends when two consecutive estimates of (A, B, C) are sufficiently alike.
As we will see below, it is our experience that we only need two of these iterations in most cases,

i.e. the algorithm yields the same estimates in different runs.
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When only two Tensor PICA iterations are needed, the Tensor PICA model is equivalent to the
two-way PICA model applied to X(™*™P)  followed by an estimation of the temporal and subject
modes from the compound PICA mixing matrix. As mentioned above, Andersen and Rayens (2004)
found a PCA on X (™*™P) unsatisfying due to its non-uniqueness and complicated solution structure.
In the Tensor PICA model, the latter problems is circumvented by estimating the temporal and
subject modes from the compound mixing matrix in the second step of the Tensor PICA estimation
procedure. Moreover, the non-uniqueness of PCA is replaced with the uniqueness of ICA (under

non-Gaussian sources and Gaussian noise).

2.5 Parafac versus Tensor PICA is different from PCA versus ICA

As mentioned above, an ICA model avoids the rotational ambiguity of the PCA components by
finding an optimal rotation such that the ICA components are approximately statistically inde-
pendent, with respect to some measure of statistical independence. The second-order constraint
of uncorrelated sources in PCA is strengthened to statistically independent sources in ICA, by
making use of higher-order statistics. Below, we argue that this second-order versus higher-order
distinction cannot be applied to a comparison of Parafac versus Tensor PICA.

A common property of PCA and Parafac is that they both have a sum-of-squares objective
function. A difference is that PCA assumes uncorrelated components and unconstrained loadings
(apart from scaling), while Parafac treats all three modes equally and does not assume uncorrelated
(i.e. orthogonal) columns in any mode. A second difference is that a PCA solution has rotational
ambiguity, while there is (usually) not any rotational ambiguity in a Parafac solution.

Concerning the “second-order” nature of Parafac the following can be said. First of all, the
Parafac model is simply trying to fit a trilinear structure to the data as well as possible, measured
in a sum-of-squares sense. However, the Parafac model can also be interpreted as a Gaussian
Maximum Likelihood model, where the residuals are uncorrelated standard Gaussian and (A, B, C)
are the parameters to be determined by maximizing the likelihood function of the data; see Vega-
Montoto and Wentzell (2003). Under the assumptions above, the Maximum Likelihood estimators
for (A, B, C) are the same as the optimal Parafac solution. However, although Parafac is equivalent
to Gaussian Maximum Likelihood (which only considers second-order statistics of the Gaussian
data), the component matrices (A, B, C) are mere parameters of this Gaussian distribution and
they are not considered as realisations of random variables themselves. Hence, also in this Maximum
Likelihood model, the second-order statistics of the residuals are considered and not those of the
components matrices (A, B, C) themselves. The second-order versus higher-order distinction, which
applies to a comparison of PCA and ICA, is applicable to the components, and, hence, does not
directly apply to a comparison of Parafac versus Tensor PICA.

As we will see in the following sections, what is important in the comparison of Parafac versus
Tensor PICA, as applied to data satisfying the Tensor PICA assumptions, is the signal-to-noise
ratio (SNR). Since Parafac minimizes the sum-of-squares of the residual term, it may not find all

signal components if the SNR is low. Indeed, the sum-of-squares objective function may be lower if
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a noise component instead of a signal component is included in the Parafc trilinear model part. In
this case, a different criterion is needed to distinguish between signal and noise. And if the noise is
Gaussian and the signal sources are non-Gaussian, the Tensor PICA model delivers exactly such a
criterion. However, it should be emphasized that, if the SNR is sufficiently high, then Parafac will
find the signal components regardless of their distribution. It may even be Gaussian, which is not
allowed in the Tensor PICA model.

3 Parafac and Tensor PICA for artificial multi-subject f{MRI data

In this section, we compare Parafac and Tensor PICA in their ability to extract the activation
patterns in the artificial multi-subject fMRI data of Beckmann and Smith (2005). In Section
3.1, we describe the data in detail, discuss the preprocessing procedure and define several useful
measures of signal-to-noise ratios. In Section 3.2, we compare Parafac and Tensor PICA on the
original dataset. In Section 3.3, we consider several variations of the dataset in which the strength
of the signal and the sparsity of the signal in the spatial domain have been changed. Again, Parafac

and Tensor PICA are compared for these datasets.

3.1 Data description, preprocessing and signal-to-noise ratios

The artificial multi-subject data of Beckmann and Smith (2005) was kindly provided by Christian
Beckmann. The signal part of this data consists of artificial voxel activation maps, artificial time
patterns and activation strengths for three subjects. Random Gaussian noise is added to this signal
part, where for each voxel the noise mean and variance are estimated from real single-subject resting
state fMRI measurements (for details, see Beckmann and Smith, 2005). For different voxels, the
noise is uncorrelated. The voxel-wise noise mean and variance are the same for each of the three

subjects.

Detailed data description

Beckmann and Smith (2005) consider five different artificial multi-subject fMRI datasets, named
(A)-(E), which differ only in their signal part. First, we consider dataset (A) in detail. Let X be
the three-way array of this dataset, which has size 2489 voxels x 196 time points x 3 subjects. The
voxels form three brain slabs and each slab contains a different spatial activation pattern (crosses,
vertical stripes and horizontal stripes, respectively). The total number of voxels is actually 12288
(64 times 64 for each of the three brain slabs), but as Beckmann and Smith (2005) we only consider
the 2489 intra-cranial voxels. The number of active voxels in each slab is 45 out of 962 for slab 1, 90
out of 838 for slab 2 and 54 out of 689 for slab 3. Hence, only approximately 8 percent of all voxels is
active. Each of the three voxel activation patterns has a different associated time course. The time
courses correspond to a simple block design, a single-event design with fixed interstimulus interval,
and a single-event with random interstimulus interval. The three time courses are convolved with a

canonical hemodynamic response function (Gamma variate with 3 seconds standard deviation and
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Figure 1: Artificial voxel activation maps and time courses in dataset (A) of Beckmann and Smith
(2005). Each row shows the activation pattern in the three brain slabs and the associated time

course.

6 seconds lag). The time courses are mean zero. In Figure 1 the voxel activation maps and their
associated time courses are depicted.
Let the 2489 x 3 matrix Ag contain the voxel activation maps and let the 196 x 3 matrix B( contain
the associated time courses. The subject activation strengths are the elements of the 3 x 3 matrix
Cy, with

3 45

Co=12 3 4|. (3.1)

2 2 3
Hence, for subject 1 the three activation patterns have strengths 3, 4 and 5, etcetera. The data X
satisfies the Parafac model with R = 3, component matrices (A, Bo, CpA) and Gaussian residuals.
Here, A is a 3 x 3 diagonal matrix with weight coefficients such that the SNR equals 2, which is
defined as the signal Z-statistics being twice as large as the noise standard deviation, on average
over the active voxels. This has been confirmed to the author by C.F. Beckmann in a personal

communication.

Preprocessing

The definition of SNR above applies to the appropriately centered and normalized data. Centering
of the data is done by subtracting the average activation map for each subject separately, i.e.
Tijk — Tiek- This does not change the signal part of the data (since the columns of By are already

mean zero), but the noise means will be approximately zero. The centered data satisfies almost all
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assumptions of the Tensor PICA model. We only need to normalize the data by estimates of the
voxel-wise noise standard deviations, such that the noise variances become approximately identical
for all voxels and subjects. Beckmann and Smith (2005) obtain noise variance estimates 6%, (i.e. for
voxel 7 and subject k) from the residuals of a PCA decomposition of the matricized time x (voxels
* subjects) data. The number of components in the PCA is equal to the model order R. Note that
a normalisation x;;; /0y, does not leave the trilinear model structure intact, while a normalisation
xiji/0; does.

Beckmann and Smith (2005) estimate the model order R from an approximation to the model
order of the PPCA model placed in a Bayesian framework, see also Beckmann and Smith (2004).
Using this method, they obtain a model order estimate of R = 13 for dataset (A). The reason why
this estimate is much higher than the correct order of 3, is because there is a lot of noise with respect
to signal in the data. Consequently, large noise “components” (e.g. for voxels with a high noise
variance) are treated as signal. In Figure 2 the true voxel-wise noise standard deviations are plotted
for the three slabs. As can be seen, there are large noise standard deviations in slabs 1 and 2, at the
back of the head. When the voxel-wise noise variances are estimated from the residuals of a PCA
with 13 components, the large noise peaks caused by large noise standard deviations are included
as components of the PCA. Hence, the large noise variances are systematically underestimated
using this approach. This can be seen in Figure 3, where the esimates &;; are plotted against the
true values o; for each subject k. For comparison, we also estimate the voxel-wise noise variances
from the residuals of a PCA with 3 components. As can be seen from Figure 4, even if the correct
model order is used, still one noise peak is considered as signal. Note that the large voxel-wise noise

standard deviations do not occur for voxels included in the three spatial patterns, see Figure 1.

Figure 2: Side view of the true voxel-wise noise standard deviations for the three slabs of the brain.

As can be seen, large standard deviations are present in slabs 1 and 2, at the back of the head.

Signal-to-noise ratios

Next, we quantify the signal-to-noise chasracteristics of the dataset. As mentioned above, the
SNR of the artificial fMRI datasets in Beckmann and Smith (2005) equals 2, which is defined as
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Figure 3: Voxel-wise standard deviation estimates 6, (y-axis) plotted against the true values o;
(x-axis) for each of the three subjects k. The &;;; are estimated from the residuals of a PCA with

13 components. As can be seen, the large values of ¢; are underestimated.
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Figure 4: Voxel-wise standard deviation estimates d;; (y-axis) plotted against the true values o;
(x-axis) for each of the three subjects k. The 6;;, are estimated from the residuals of a PCA with

3 components. As can be seen, one large value of o; is underestimated.

the signal Z-statistics being twice the noise standard deviation, on average over the active voxels.
An SNR of 2 suggests that signal is twice as strong as the noise. However, this only holds (on
average) for the active voxels and only approximately 8 percent of all voxels are active in the
dataset. We will use a different measure of SNR, which is more suitable for our purposes. We
define the SNR as the Frobenius norm of the signal divided by the Frobenius norm of the noise,
i.e. SNRyotal = || X — E||/||E||. Analogously, we define SNRyctive where we only take into account
the active voxels. And SNR.¢.s is defined for the active voxels of pattern s. These SNR measures
are comparable to the Parafac objective function and can be used to explain why some signals
are found as Parafac components and others are not. In Table 1 these SNR values are given for
the centered dataset without normalization, and for the centered and normalized dataset with

two different normalizations, namely normalizing by the voxel-wise standard deviation estimates
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Centered data | Centered & PCA norm. | Centered & true norm.
SNRtotal 0.05 0.07 0.08
SNRactive 0.23 0.27 0.28
SNRact:1 0.17 0.19 0.19
SNRact:2 0.20 0.26 0.26
SNRact:3 0.29 0.34 0.35

Table 1: Various signal-to-noise ratios for dataset (A) of Beckmann and Smith (2005). The columns
correspond to the centered data, the data centered and normalized by estimated voxel-wise standard
deviations from PCA residuals (using 13 components), and the data centered and normalized using

true voxel-wise standard deviations.

from the residuals of a PCA with 13 components and normalizing by the true voxel-wise standard
deviations. In all three cases, the same noise instance is used as we will use throughout the paper.
As can be seen, the amount of noise with respect to signal is very high and the SNR values do not
differ very much for the two different normalizations. Also, the signal-to-noise ratios for artificial
signal patterns 1, 2 and 3 satisfy SNRact:1 < SNRact:2 < SNRact:3.

3.2 Comparison of Parafac and Tensor PICA on dataset (A)

Here, we compare the performance of Parafac and Tensor PICA in recovering the artificial activation
patterns in the dataset (A) described in Section 3.1. We use the following measures of recovery
of the artificial signals. For the spatial activation maps, we consider the correlation between the

estimated maps and the maps ;io obtained from an OLS regression

X(mPxn) — (CyA ® By) AT 4+ EmPxn) (3.2)

mpxn) s the centered and

where n = 2489 voxels, m = 196 time points, p = 3 subjects and X!
normalized matricized data. In a personal communication to the author, it has been confirmed
by C.F. Beckmann that this correlation measure of recovery in the spatial domain is also used in
Beckmann and Smith (2005). For the estimated time patterns we consider the correlations with
By. The estimated subject activation strengths will be compared to Cy.

For later use, we give the correlations of the maps 110 and the time courses By with themselves.

1 001 -0.12 1 —0.02 0.16
Corr(Ag) = | 0.01 1 —0.04 Corr(Bg)= | —0.02 1  0.05 | . (3.3)
—0.12 —0.04 1 016 0.05 1
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Parafac - results and discussion

We consider the dataset (A) described in Section 3.1 with the same noise instance as used through-
out the paper. For R = 3,4,6,10, 13,20 we estimate the voxel-wise noise standard deviations from
the residuals of a PCA with R components on the matricized and centered data, then normalise
the data by these estimates, and next use Parafac with R components on the normalized data to
estimate the artificial fMRI signals. We use the standard Alternating Least Squares algorithm for
Parafac. The size of the data array X is 2489 x 196 x 3 and, hence, we may use the compres-
sion method described in Section 2.3. This means that the size of the data array in the Parafac
algorithm is 588 x 196 x 3.

For each R we ran the Parafac algorithm 10 times with a random starting position, and out
of 10 runs we picked the solution with the highest Parafac objective function. In Table 7 on p.
29 the results are presented. For each R, Table 7 contains the Parafac components which had the
highest correlation to the three artificial fMRI activation maps. For each such Parafac component,
the correlations of the voxel mode with the spatial maps ;‘10, the correlations of the temporal mode
with the time courses By, and the estimates of the subject activation strengths Cy in (3.1) are
given.

As can be seen, the second and third artificial fMRI signals are nearly always found, while
the first signal is found with less precision. This is consistent with the SNR values in Table 7,
which satisfy SNRact:1 < SNRact:2 < SNRacet.3. For R = 3 the first fMRI signal is not found at all.
Apparently, one noise peak is larger than the first fMRI signal. This is probably due to one large
noise standard deviation being underestimated, see Figure 4 and our discussion above.

There are many Parafac solutions with nearly the same objective value and run-to-run variability
of the Parafac solutions is considerable. While the second and third artificial fMRI signals are nearly
always well recovered, the correlation with the first fMRI signal varies. We suspect that this is due
to the low SNR values and the fact that the voxel-wise noise is spatially and temporally independent
and approximately isotropic, which implies that it “points in all directions”. For low values of R, a
higher fit value tends to indicate higher correlations of the Parafac solution with the artificial fMRI
signals. However, for higher values of R this is not true. For example, for R = 13 the best solution
of 10 runs (with a fit percentage of 3.95) has a correlation of 0.52 with the first artificial fMRI
signal, while a solution with a slightly worse fit (3.94 percent) has a correlation to the same signal
of 0.71. Beckmann and Smith (2005) use Parafac with R = 13 and report the latter correlation
value with the first fMRI signal.

The standard method to get an idea of the model order R is by considering the graph of
additionally explained variance for increasing values of R. The fit percentage values of the Parafac
solutions tend to increase by the same amount of 0.25-0.30 for R = 2 up to R = 40. One could
infer a model order of R = 2, since each increase of R beyond 2 seems to add a noise component of
equal strength. Due to the low SNR values of the dataset, the first signal component is not noticed
in this way. However, a plot of this Parafac component clearly revels its structure if its correlation
with the first fMRI signal is above 0.6. In Table 4 the fit percentages are given for R =1,...,6.
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The Parafac fit percentage is very low, e.g. 3.95 percent for R = 13. One could argue that this
is because only 8 percent of the voxels contain signal which implies that the Parafac model is valid
for only 8 percent of the voxels. However, the Parafac fit is low due to the low SNR values and
not due to sparsity of the signal. This is illustrated in Section 3.3, where we increase the signal
strength.

In the Parafac solutions for R > 4, nearly always there are only three components containing
signal. However, from Table 7 it can be seen that the Parafac component with the highest correla-
tion with one of the artificial fMRI signals, sometimes also has considerable correlation with another
artificial fMRI signal. In Beckmann and Smith (2005) this phenomenon is called “cross-talk”. As
can be seen from (3.3), these cross-talk correlations cannot be justified by the correlations in the
maps ;&0 or the time courses Bg. If R is significantly larger than the number of signal components
present in the data, cross-talk is a common phenomenon in Parafac solutions. Then it becomes
profitable to mix the signals such that as much of the noise variation as possible is included in the
Parafac solution. In the fMRI dataset at hand, the SNR values are low which cause some cross-talk
to occur also for smaller R. The largest noise peaks are also included in the Parafac solution at the
cost of distinguishing between the signal components.

Imposing orthogonality restrictions on the Parafac voxel mode matrix A does not reduce the
cross-talk. Although the spatial maps Ag are orthogonal, their best OLS estimates Ao are not, and
neither are their unrestricted Parafac estimates. Since only 8 percent of all voxels are active and the
signals Ay are orthogonal, the orthogonality restriction affects the estimation of the largest noise
peaks more than the estimation of the signals. Also in this case, the low SNR causes the estimation
of the largest noise peaks to occur at the cost of distinguishing between the signal components.

However, for R = 3 the cross-talk can be reduced by choosing a more restrictive convergence
criterion for the Parafac algorithm. The solutions in Table 7 are obtained with a convergence
criterion of 1079, If we change this to 10~ the best solution of 10 Parafac runs with R = 3 is as in
Table 2. The estimates of Cg are almost identical to the solution in Table 7 and have been omitted.
As can be seen, the cross-talk of the above solution is less than the cross-talk of the solution with
R = 3 in Table 7. In Section 3.3 we will see that for higher SNR values there is less cross-talk for
R=3.

Tensor PICA - results and discussion

The Tensor PICA model is fitted to the same centered and normalized dataset (A) as is Parafac,
for R = 3,4,6,10,13,20. As ICA algorithms, we try FastICA, Comon-4 and JADE. In a personal
communication to the author, it has been confirmed by C.F. Beckmann that a version of the
FastICA algorithm is used in Beckmann and Smith (2005), with G(z) = 3.

In Table 8 on p. 30 the Tensor PICA solutions are presented for the Comon-4 algorithm. For
R = 3,4,6,10,13 the solutions for FastICA were nearly identical, and for all R = 3,4,6,10 the
solutions for JADE are also nearly identical. For R = 13, 20 the solutions for JADE are comparable
to Table 8. For R = 20, the FastICA algorithm suffered from convergence problems. The FastICA
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Map 1 * * *
Map 2 * 0.96 *
Map3 | * |-0.18|0.96

Time 1 * * 0.18
Time 2 || 0.12 | 0.94 | 0.19
Time 3 * * 0.94

Table 2: Best Parafac solution of 10 runs for dataset (A) with R = 3 and convergence criterion
1079,

algorithm can compute the independent components all together (symmetric approach) or one after
the other (deflation approach). The symmetric approach had convergence problems for R larger
than 5, and also the deflation approach had difficulty to converge. This problem was fixed by
running FastICA in the “stabilization” mode. Recall that the Tensor PICA procedure uses the
obtained estimate (C @ B) of the compound mixing matrix as initial value in the next run, and
stops when two consecutive estimates of (A, B, C) are sufficiently alike. With FastICA, the Tensor
PICA procedure needed only two such iterations for R = 3,4,6,10 and up to 6 for R = 13. For
R = 20 the procedure ran prohibitively long. This is probably due to the slow convergence of
FastICA, which causes consecutive estimates to be insufficiently alike. However, setting a higher
maximum number of iterations for FastICA did not seem to help. Contrary to FastICA, Comon-4
and JADE had no convergence problems and always needed only two iterations of the Tensor PICA
procedure.

As can be seen from Table 8, the Tensor PICA solutions do not differ much for different values
of R. Also, there is almost no cross-talk between the components, i.e. the cross correlations present
are due to (3.3). These advantages are also observed by Beckmann and Smith (2005). Like Parafac,
the Tensor PICA method recovers the second and third fMRI signals well. However, the first fMRI
signal is recovered much less clearly than with Parafac. The run-to-run variability of Tensor PICA
is much less than for Parafac, i.e. if the Tensor PICA procedure is applied several times (with a
random starting point for the first iteration) then the obtained solutions do not differ much.

The robustness of Tensor PICA is due to the robustness of the ICA algorithms used. These are
designed to separate the non-Gaussian signals from the Gaussian noise. The absence of cross-talk
can be explained as follows. By the Central Limit Theorem, a mixture of two signals is always
“more Gaussian” than one signal alone. Since the ICA algorithms “maximize the non-Gaussianity”
of each extracted independent component, one independent component contains a single signal
source and not a mixture of two or more signal sources. For R larger than the number of signal

sources present in the data, the number of independent components containing signal sources is at
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most R. This can be explained as follows. The signal sources are given by a = Q7% — QTé, where
Q is orthonormal and each column of Q corresponds to one signal source. Each column of Q is
forced to be orthogonal to the columns of Q which have already been determined. Hence, once a
signal source has been found it will not turn up in other independent components.

Contrary to Parafac, the Tensor PICA method does not treat the three modes of the data
equally. After the ICA algorithm yields a solution for the spatial fMRI activation maps and a
compound mixing matrix, the associated time courses are then found by the column-wise rank-1
approximation of the compound mixing matrix, as described above. If the spatial maps are well
recovered, the time courses and subject strengths are well recovered too.

For their Tensor PICA solution, Beckmann and Smith (2005) report a correlation of approxi-
mately 0.90 with the first fMRI signal. This differs significantly from our results. However, in a
personal communication to the author, it was explained by C.F. Beckmann that the signal-to-noise
characteristics of the dataset may differ from the dataset (A) used in Beckmann and Smith (2005).
In Section 3.3 we will see that if the signal strength is increased, then both Parafac and Tensor

PICA are able to recover all three artificial signals from the data.

3.3 Increasing signal strength and reducing sparsity

Here, we consider several variations of the signal part of the dataset (A) described in Section 3.1,
each with the same noise instance. The time courses By and activation strengths Cg are left
unchanged, while the spatial activation patterns Ay are changed both in strength and form (i.e.
the number of active voxels). In this way, the influence of the SNR values and sparsity in the
spatial domain on the abilities of Parafac and Tensor PICA to recover the signals, can be made
clear. Although, Beckmann and Smith (2005) use a model order of R = 13 we will use R = 3 for
both Parafac and Tensor PICA. The Tensor PICA solutions do not differ much for different R > 3.
Differences in Parafac solutions for different R > 3 will be addressed briefly.

We create four altered datasets with stronger signals by multiplying the signal part by 2, 3,
5 and 100, respectively. This increases the SNR values as can be seen from Table 3. The order
SNR.ct:1 < SNRct:2 < SNRct.3 still holds in all cases. We also create two datasets in which the
number of active voxels in increased. In the first dataset the numbers of active voxels are 125 for
map 1 (the crosses become blocks), 218 for map 2 (the stripes become one block) and 102 for map
3 (the stripes become one block). This amounts to 18 percent of the voxels being active, where in
the original dataset only 8 percent of the voxels are active. In the second dataset the numbers of
active voxels are 289 for map 1, 456 for map 2 and 432 for map 3. In all three maps the active
voxels form one block. In this dataset 47 percent of all voxels are active. The signal strength in
both datasets is the same as in the original dataset. In Table 3 the SNR values for these datasets
are given. The only significant change with respect to the original dataset is the higher value of
SNRyotal, because the other SNR values take into account only (subsets of) active voxels.

For later use, we give the correlations of the spatial maps 11(()18) and A(()M) (for the datasets with

18 and 47 percent active voxels, respectively) with themselves.
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original | 2xsignals | 3xsignals | 5xsignals | 100xsignals | 18% active | 47% active
SNRtotal 0.07 0.14 0.22 0.37 3.71 0.11 0.20
SNRactive 0.27 0.55 0.84 1.38 20.8 0.27 0.28
SNRact:1 0.19 0.36 0.54 0.90 15.8 0.19 0.21
SNRact:2 0.26 0.51 0.77 1.28 20.0 0.26 0.27
SNRact:3 0.34 0.70 1.07 1.78 27.9 0.35 0.33

Table 3: Various signal-to-noise ratios for the original and altered dataset (A). The data are centered
and normalized using voxel-wise noise standard deviations estimated from the residuals of a PCA

with 3 components on the centered matricized data.

1 —0.03 —0.09 1 —011 —0.15
Corr(A{™®)=| —0.03 1  —0.06 Corr(A{™)=| —011 1 —019 | . (34)
~0.09 —0.06 1 015 —0.19 1

Parafac - results and discussion

In Table 9 the Parafac solutions for the six altered datasets are given for R = 3. The best solution
(i.e. with the highest fit percentage) of 10 Parafac runs is picked. The data are compressed before
running the Parafac algorithm, as described in Section 2.3. From Table 9 on p. 31 it can be seen
that, contrary to the original dataset, all three artificial {MRI signals are recovered by Parafac. Also,
the amount of cross-talk is rather low and cross correlations tend to follow the patterns in (3.3)
and (3.4). For values of R larger than 3 more severe cross-talk occurs, but this is due to overfitting
as we discussed above. The run-to-run variability of Parafac solutions is still considerable, but for
higher SNR values the problem is less severe. Note that for the 100xsignals dataset the estimates
of the subject strengths Cgy are less accurate because these are small compared to the order of
magnitude of the signals.

As mentioned above, the standard method to get an idea of the model order R is by considering
the graph of additionally explained variance for increasing values of R. In Table 4 the fit percentages
are given for the six altered datasets and R = 1,...,6. As can be expected, the fit percentages
increase as the signal becomes stronger and as more voxels are active. For each dataset, for
R = 4,5,6 the fit percentages increase by the same small amount while the fit increases stronger
for R =1,2,3. This is more clearly observed as the SNR values become larger. Hence, even though
the fit percentages are low they show a pattern which is consistent with a model order of R = 3.
For R = 1,2,3 the increase in fit corresponds to an additional signal component, while for R > 4

the increase in fit corresponds to an additional noise component which results in a near constant

22



original | 2xsignals | 3xsignals | 5xsignals | 100xsignals | 18% active | 47% active
1 0.42 0.97 2.52 6.05 59.66 0.82 2.15
2 0.82 1.89 4.64 11.21 85.37 1.45 3.52
3 1.10 2.29 5.21 12.42 93.08 1.83 4.13
4 1.38 2.57 5.47 12.66 93.24 2.11 4.40
5 1.67 2.84 5.74 12.91 93.27 2.38 4.67
6 1.93 3.12 6.01 13.15 93.30 2.66 4.94

Table 4: Parafac fit percentages for the original and altered dataset (A), with R =1,...,6. The
data are centered and normalized using voxel-wise noise standard deviations estimated from the

residuals of a PCA with 3 components on the centered matricized data.

increase of fit (over a wide range of R > 4) due to the noise being approximately isotropic. Hence,
it may be concluded that the correct number of components can be inferred from the Parafac fit
values. This is an advantage over the Tensor PICA model, for which Beckmann and Smith (2005)
obtained a model order of R = 13.

Tensor PICA - results and discussion

The Tensor PICA model is fitted to the same centered and normalized altered dataset (A) as is
Parafac. To avoid the convergence problems of the FastICA algorithm, we use Comon-4 as ICA
algorithm. As for the original dataset, the Tensor PICA procedure needed only two iterations in
all cases. In Table 10 on p. 32 the results are presented for R = 3. The solutions for JADE are
comparable. It can be seen that all three signals are well recovered by the Tensor PICA method
and almost no cross-talk occurs. Occurring cross correlations are due to (3.3) and (3.4). As before,
also for R > 4 this is the case. Moreover, the run-to-run variability of the Tensor PICA solutions
is rather small. Hence, the only difference with the original dataset is that now map 1 is well
recovered. Note that for the 100xsignals dataset the estimates of the subject strengths Cg are less

accurate because these are small compared to the order of magnitude of the signals.

3.4 Other datasets

So far, we have only considered dataset (A) of Beckmann and Smith (2005). Regarding the datasets
(B)-(E) in the same article, we can say the following. Dataset (B) is the same as (A) except that
there are zeros in the matrix Cy of subject strengths. Our results for dataset (A) also hold for
dataset (B). In dataset (C), the time courses differ per subject due to differences in the parameters of

the hemodynamic response functions of the subjects. In this case, the data has a Parafac structure
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with nine components (three spatial maps and three groups of three slightly different time courses).
Parafac with R = 9 is able to revover the signals reasonably well. Tensor PICA assumes statistically
independent maps and, hence, finds three spatial maps for R = 9. The maps are found slightly
more accurately than with Parafac. The three associated time courses are averages of the different
time courses taken over the subjects. In this case, the differences in the time courses are judged as
not systematic and Tensor PICA can be used. In datasets (D) and (E), time courses are coupled
to more than one spatial map. This implies that the data has a Parafac structure in which some
spatial maps and time courses occur more than once. When Parafac is run with the correct number
of components, the spatial maps and time courses are not well recovered for low SNR values and
there is a substantial amount of cross-talk. Tensor PICA recovers the signals well without much
cross-talk. For datasets (D) and (E), the data actually satisfies a Tucker model (1966) which allows
the coupling of time courses to multiple spatial maps and vice versa. Parafac is a special case of
the Tucker model.

The changes in datasets (C)-(E) do not affect the spatial maps. This is to the advantage of
Tensor PICA, since its crucial step is finding the correct spatial maps, while Parafac treats all three
modes equally. Therefore, it is interesting to compare Tensor PICA and Parafac for the case where
the spatial maps differ slightly per subject. For this purpose, we have created a datatset (F). The
differences in the spatial maps are such that for each pair of subjects the spatial maps have more
than 80 percent of the active voxels in common. The time courses and subject strengths are as in
dataset (A). As for dataset (C), dataset (F) has a Parafac structure with nine components. Parafac
with R = 9 recovers the spatial maps reasonably well, although there is a substantial amount of
cross-talk. Tensor PICA with R = 9 finds three spatial maps which are averages of the maps taken
over the subjects. The time courses are well recovered. Hence, Tensor PICA is also robust against
small individual differences in the spatial activation patterns.

It was observed by McKeown, Makeig et al. (1998) and McKeown, Jung, Makeig, Borwn,
Kindermann, Lee, and Sejnowski (1998) that overlapping spatial activity maps in fMRI data may
violate the assumption in ICA of statistically independent maps. As a result, the obtained ICA
spatial maps may not match the overlapping maps. To see whether this is a problem in Tensor
PICA as well, we created two datasets with overlapping spatial maps. In dataset (G), the first
spatial activity map is the sum of map 1 in dataset (A) and map 2 of the 18% active dataset.
The second activity map is the sum of map 2 in dataset (A) and map 1 of the 18% active dataset.
Hence, the activity of the first two maps takes place in the first two brain slabs. Maps 1 and 2
of dataset (G) have 51 and 63 percent of their active voxels in common, respectively. Map 3, the
time courses By, the subject strengths Cy and the noise instance are the same as in dataset (A).
In total, 21 percent of all voxels are active in dataset (G). Dataset (H) is obtained from (G) by
removing unique active voxels from maps 1 and 2. These maps now have 68 and 71 percent of
their active voxels in common, respectively, and 18 percent of all voxels are active. The correlation
between maps 1 and 2 of Ag in (3.2) is 0.47 for dataset (G) and 0.58 for dataset (H). In Table 5
the results for Tensor PICA and Parafac are presented for R = 3 and the 2xsignals datasets (G)

and (H). The subject strengths were nearly identical for the two methods, and have been omitted.
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dataset (G) dataset (H)

Tensor PICA Parafac Tensor PICA Parafac

1 2 3 1 2 3 1 2 3 1 2 3

Map1 | 0.82 | 0.72 | * 0.99 | 0.19 |-0.23 | 0.54 | 0.85 | * 0.97 | 0.27 | -0.17
Map 2 || -0.12 | 0.95 | * 0.58 | 0.95 * -0.36 | 0.92 | * 0.65 | 0.94 | -0.12
Map 3 * * 1099 * 1-0.16 | 0.98 * * 1099 || 0.14 * 0.99

Time 1 || 0.96 | 0.55 | 0.17 || 0.94 | -0.19 | 0.15 || 0.79 | 0.64 | 0.16 || 0.93 | -0.14 | -0.13
Time 2 || -0.28 | 0.82 * 0.29 | 0.98 | 0.22 || -0.60 | 0.75 * 0.34 | 0.98 *
Time 3 || 0.13 | 0.13 | 0.99 || 0.27 * 0.97 * 0.13 1 0.99 || 0.23 * 0.94

Table 5: Tensor PICA and Parafac solutions for R = 3 on the 2xsignals datasets (G) and (H).
For Parafac, the best solution of 10 runs was taken. The Tensor PICA procedure needed only 2

iterations for both datasets.

As can be seen, Tensor PICA finds the spatial maps much less accurate and with more cross-
talk than the Parafac maps. Moreover, also the time courses found by Tensor PICA show severe
cross-talk and this is not the case for Parafac. It could be argued that in the presence of overlapping
maps, Tensor PICA splits the signal into common and unique parts. A visual inspection of the
Tensor PICA maps yields that the first map has mostly crosses (and less blocks) in slab 1 and vague
stripes in slab 2. Hence, map 1 can be considered the common part of the first two true spatial
maps. However, Tensor PICA map 2 contains both crosses and blocks in slab 1 and clear stripes
and a (less clear) block in slab 2. This is a mixture of the two unique parts of the first two true
maps and their common part. The Tensor PICA solution with R = 4 is the same as the solution
for R = 3 with one noise map added. Hence, Tensor PICA does not clearly split up the signal into
common and unique parts.

As suggested in McKeown, Jung et al. (1998) and McKeown, Makeig et al. (1998), this appar-
ently occurs because the overlapping spatial maps violate the independence assumption. Hence,
in this situation, Parafac is better able to capture the activation maps and their associated time
courses.

In datasets (C)-(F), the Parafac algorithm becomes slower due to collinearity in the columns
of the component matrices. Beckmann and Smith (2005) use the Parafac algorithm of Cao, Chen,
Mo, Wu, and Yu (2000), in which the Parafac sum-of-squares objective function is adjusted in
order to (hopefully) increase the speed of the algorithm in cases where the Parafac solution has
several components which are highly correlated. However, it is our experience that the ordinary
Parafac Alternating Least Squares algorithm with data compression is still faster than the modified

algorithm by Cao et al. (2000). A more promising alternative in this case is to use the Enhanced
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Line Search modification of the Parafac Alternating Least Squares algorithm (Rajih & Comon,
2005).

4 Computational times and faster Parafac

The data compression we have used prior to calculating the Parafac solution makes our Parafac
algorithm a lot faster than the Parafac algorithm used in Beckmann and Smith (2005). The latter
state (p. 306) that for dataset (A) the computational load of Tensor PICA is 15 times less than
that of Parafac. In Table 6 our computation times are given for Parafac and Tensor PICA for the
2xsignals dataset and R = 3. As can be seen, 10 Parafac runs including data compression and
decompression take less than 4 times the computational time for Tensor PICA.

Next, we present a method to reduce the computational time of Parafac even further. In
the Tensor PICA framework, the spatial maps are estimated by (2.4), where the rotation Q is
determined by the ICA algorithm. According to (2.4), the spatial maps A lie in the column span of
Upg, which consists of the first R columns of the matrix U in the SVD X(*™?) — US VT. Here,
X (nxmp) ig the matricized voxels x (scans * subjects) data, with n = 2489, m = 196 and p = 3.
Consider the matricized form of the Parafac model (2.17). Carroll, Pruzansky, and Kruskal (1980)
show that (A,B, C) is an optimal Parafac solution for U%X("me) if and only if (URA, B,C) is
an optimal Parafac solution for X("*™P) under the restriction A = UgD for some D. Hence, it
suffices to calculate Ugr and apply the Parafac algorithm to the smaller dataset UﬁX("me) of
size R X m X p. Moreover, since m = 196 > pR = 3R we can compress this dataset using the
QR-decomposition as before and run Parafac on a dataset of size R x 3R x 3 only. As can be
seen from Table 6, the computational time of Parafac is reduced by a factor of almost 3 using this
approach.

The incorporation of linear constraints of the type A = UgrD in the Parafac model is known
as Candelinc and has been introduced by Carroll et al. (1980).

In Table 11 on p. 33 the results of Parafac Candelinc on the altered dataset (A) are presented
for R = 3. As can be seen, all three signals are recovered well. However, for low SNR values, there is
more cross-talk compared to the ordinary Parafac solutions. Apparently, due to the low SNR values
the signals are not well recognized individually in the highly compressed datasets. As for ordinary
Parafac, there is cross-talk for R > 4 due to overfitting. As before, for the 100*signals dataset the
estimates of the subject strengths Cgy are less accurate because these are small compared to the
order of magnitude of the signals. For the original dataset (A), Parafac Candelinc recovered only

signals 2 and 3 for R = 3, as did ordinary Parafac.

5 Discussion

In this paper, we have compared the Parafac and Tensor PICA methods in their ability to recover
the three fMRI signals in the artificial multi-subject fMRI data of Beckmann and Smith (2005).

We have shown that, theoretically, the comparison of Parafac and Tensor PICA does not boil down
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Method Computational Time
Parafac 93 sec
Parafac - Candelinc 37 sec
Tensor PICA - FastICA 26 sec
Tensor PICA - Comon-4 25 sec
Tensor PICA - JADE 23 sec

Table 6: Computational times for calculating the solution for the centered and normalized 2x*signals
dataset (A) with R = 3. For Parafac and Candelinc, the time includes data compression and
decompression and 10 runs of the Parafac algorithm. For Tensor PICA, the time includes whitening

of the data and 2 iterations of the procedure.

to the second-order statistics versus higher-order statistics distinction between PCA and two-way
ICA. In PCA, the solution is determined up to an orthogonal rotation and the signal sources are
required to be uncorrelated. The two-way ICA method fixes the rotational freedom of the PCA
solution by imposing the constraint of statistically independent signal sources, using higher-order
statistics of the data. Contrary to PCA, a Parafac solution usually has no rotational freedom
and no restriction of uncorrelated components is imposed. The Tensor PICA method iterates the
two-way PICA method applied to the matricized three-way data, and a second step to obtain the
signals in the remaining two modes from the compound PICA mixing matrix. In our analyses, only
two such iterations were needed. Instead of analyzing the matricized three-way data, Parafac finds
a trilinear approximation to the data simultaneously for the three modes.

For the original dataset (A) and R up to 6, Parafac clearly outperforms Tensor PICA in re-
covering the three fMRI signals from the data. Both methods find signals 2 and 3 while Parafac
recovers more of signal 1 than Tensor PICA. For R larger than 6, the Parafac solutions suffer from
some cross-talk, which is a common phenomenon for Parafac if R is significantly larger than the
number of signal components present in the data. The Tensor PICA solutions show almost no
cross-talk and do not differ much for different values of R.

For the altered datasets (A) with higher SNR values, both Parafac and Tensor PICA recover
the three signals well. For R = 3, the Parafac solutions show about as much cross-talk as the
Tensor PICA solutions. Hence, if the SNR values are increased by either increasing the strength
of the signal or increasing the amount of voxels carrying signal, both methods recover the signals
equally well. However, there are two differences between Parafac and Tensor PICA. First, contrary
to Parafac the Tensor PICA solutions do not show much cross-talk for R larger than 3. And second,
the run-to-run variability of the Tensor PICA solutions is much less than for Parafac. For Tensor
PICA, these robustness properties are due to the robustness of the ICA algorithm, as we explained

above.
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For Parafac, the run-to-run variability can be dealt with as follows. Due to the low SNR values
there are many Parafac solutions with near optimal fit (some of which suffer from cross-talk also for
R = 3). This makes it necessary to choose a small convergence criterion, run the Parafac algorithm
at least 10 times and pick the solution with the best fit. It is our experience that this solution
recovers the signals well and shows no severe cross-talk for R = 3. The occurrence of cross-talk in
Parafac solutions for R larger than 3 is a more severe problem which cannot be fixed unless the
correct number of signal sources is chosen. However, for the 2xsignals dataset, the correct number
of sources can be inferred from the Parafac fit for increasing values of R. For R = 1,2, 3 the fit
increases more than for R = 4,5, 6, ..., where the fit increases with a small nearly constant amount.
This is due to the noise being approximately isotropic and each increase from R > 3 to R + 1 will
fit an additional noise component. Note that for real-life fMRI data the problem of choosing the
number of Parafac component is unlikely to be solved by considering explained variances.

The results presented in this paper are obtained using a fixed noise instance. However, trying
different noise instances has shown that our conclusions are still true.

Apart from assessing Parafac and Tensor PICA for multi-subject fMRI data, we have also shown
that the computational load of the Parafac algorithm can be decreased by compressing the data
and using a restriction on the Parafac spatial maps. This makes the computational load of Parafac
only 1.5 times larger than that of Tensor PICA.

The artificial multi-subject fMRI datasets we analyzed feature temporally isotropic Gaussian
noise. If a trilinear model such as Parafac or Tensor PICA is assumed, then the underlying signal
sources are assumed to be proportional for the different subjects. Physiological artifacts (e.g.
due to respiration, heart beat, subject movement) are not likely to satisfy this assumption of
proportionality. Therefore, these artifacts are better removed prior to the analysis of multi-subject
fMRI data using trilinear models such as Parafac and Tensor PICA. Moreover, since the noise is
assumed to be temporally isotropic, the data has to be temporally pre-whitened for each voxel (or
group of voxels) and subject.

The robustness of Tensor PICA makes this method more suitable for the analysis of real-life
multi-subject fMRI datasets. In practice the data will not be as ideal as the datasets (A) analyzed
in the current paper, and the determination of the “correct” number of signal sources from Parafac
fit values will be more troublesome. However, a serious drawback of Tensor PICA is that it does
not find the correct spatial maps if they are well-overlapping. This is due to the assumption of
statistical independence of the ICA spatial maps. For Parafac this is not a problem, as can be seen
from the results in Table 5. Hence, the Tensor PICA method can be used only if the fMRI activity
maps are expected not to be considerably overlapping.

Although our analysis has confirmed the main conclusions of Beckmann and Smith (2005), we
have raised some important issues in favor of Parafac. More importantly, we have offered detailed
mathematical and statistical explanations for the differences between Parafac and Tensor PICA in
the extremely noisy case of fMRI data, and we believe that these explanations are of merit to the

community of multi-way, ICA and neurological data analysts.
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